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IV. t-tests

1. How do we interpret our coefficient estimates?

Suppose that we have a standard bivariate regression equation of the form:

y = 100 + 0.25x1 + 2.40x2 + u (1)

n = 1, 000, R2 = 0.50

σ̂1 = 0.20; σ̂2 = 0.50

The first thing we want to do is construct some Confidence Intervals. You do this by first obtaining the standard normal
t-statistic value from the t-table.1

The above value is found by first considering your Degrees of Freedom for your model. Degrees of freedom is found by the
following equation:

df = n− (k + 1) (2)

which is just: df = (number of obs) - (number of estimated parameters).

Our ”unbiased” estimator of σ2 in the general multiple regression case:

σ̂2 = (

n∑
i=1

û2i )/df = SSR/df = SSR/n− (k + 1) (3)

Now, recall the formula for our Standard Error of

se(β̂j) = σ̂/[SSTj(1−R2)]
1
2 (4)

Here is how we construct a confidence interval:

CI = β̂j ± c× se(β̂j) (5)

All this is doing is looking on either side of your β̂j using your standard error in conjunction with our critical value to

construct an interval of likely potential values of β̂j .

Here we have to look at the Standard Normal t-table with a given significance level to find the critical value c. The most
common confidence interval is the 95% confidence interval, which assess our coefficient estimation at a 5% significance level.
Let’s take a look at the graph below, which shows a 5% significance level test for a model with df = 25, giving it a critical
value (c) of 2.06:

1For two-tailed tests (H0 : β1 = 0 for example), as long as your df > 120 then your critical value at the 5% significance level is 1.96
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The shaded blue regions on the figure above represent the areas of rejection, which for the 5% significance level is two areas
= to0.025. Remember that the PDF is simply a measure of probability, so this means that we estimate there is only a 2.5%
chance of the true value of our coefficient ending up in the shaded regions above. This is true regardless of the actual critical
value. Let’s use our previous model estimation to see this.

Recall,
y = 100 + 0.25x1 + 2.40x2 + u (6)

n = 1, 000, R2 = 0.50

σ̂1 = 0.20; σ̂2 = 0.50

Looking up our critical value in our t-table, we find that since this model has df = 1, 000 − 2 − 1 = 997, c = 1.96. So our
95% confidence interval for β1 is:

CIβ1

right = 0.25 + 1.96(0.20) = 0.642

CIβ1

left = 0.25− 1.96(0.20) = −0.142

for β2:
CIβ2

right = 2.40 + 1.96(0.50) = 3.38

CIβ2

left = 2.40− 1.96(0.50) = 1.42

This means that we are 95% confident that our true value for our coefficient falls within the above interval, and that there is
only a 5% chance that it falls outside of such an interval. We want our intervals to be very small. You should see that this
would mean that our standard error would have to be small. This should make sense. If the standard error of an estimated
coefficient is large, then the confidence interval will also be large. The reduces the overall confidence of statistical significance.
So, in general we want small confidence intervals.

OK, now let’s move on! We need to make one more assumption of the Multiple Linear Regression estimates.

MLR.6: The Normality Assumption – This just says that the population error, u, is independent of the explanatory
variables x1, x2, ..., xk and is normally distributed with zero mean and variance σ2 : u ∼ Normal(0, σ2)
For cross-sectional data sets (no time component), MLR.1 - MLR.6 are called Classical Linear Model (CLM) Assumptions.

The CLM assumptions lead to more ”efficiency” than our Gauss-Markov assumptions. This leads us to make a rather
important point. Under CLM assumptions, conditional on the sample values of the independent variables:

β̂j ∼ Normal[βj , V ar(β̂j)] (7)

Therefore,
(β̂j − βj)/sd(β̂j) ∼ Normal(0, 1) (8)

All this says is that the standard error of our coefficient estimate under CLM assumptions is normally distributed with a
mean of 0 and a variance of 1. You should notice this also covers our Zero Conditional Mean assumption (as E(u) = 0)

2. Hypothesis Testing – two-sided

Let’s assume that the following model satisfies MLR.1 - MLR.6:

y = β0 + β1x1 + β2x2 + ...+ βkxk + u (9)

If we further assume the Central Limit Theorem (CLT) and our CLM assumptions hold then:

(β̂j − βj)/se(β̂j) ∼ tn−k−1 = tdf (10)

where tn−k−1 is a ”t-statistic” of our coefficient.

Now, lets create a hypothesis. The easiest hypothesis regarding your regression is that the population value of βj is not equal

to your estimated value, β̂j

To do this, we must first assume that equation (8) holds. Then we can easily write our hypothesis like so:

H0 : βj = 0 (11)
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We call this the Null Hypothesis (H0) and it says that our the population coefficient has no value and therefore we would infer
that whatever independent variable that coefficient was attached to has no explanatory ability for our dependent variable.
Later we’ll be able to test whether this is true for ALL independent variables at the same time. For now, let’s stick with
inferring results individually.

Recall the t-statistic discussed above:
(β̂j − βj)/se(β̂j) ∼ tn−k−1 = tdf

That second βj will be our point of reference to measure the statistical significance of our coefficient estimation. Since our
null hypothesis is that βj = 0, the we can rewrite our t-statistic as:

tβ̂j
= (β̂j − 0)/se(β̂j)

tβ̂j
= (β̂j)/se(β̂j) (12)

We now need to determine our Alternative Hypothesis. If our null hypothesis is that βj = 0 then our alternative process
would simply be:

H1 : βj 6= 0 (13)

Again, this would be a two-sided test for significance, because we are allowing βj to positive or negative, just anything other
than zero. But keep in mind, we always go into hypothesis testing assuming there is no impact. We will have to ”prove” (fail
to rejct) that our null hypothesis is untrue.

A Critical Value (c) is the value our t statistic must be at least as large as for us to initially believe our estimation is
statistically significant, that is that we can reject the null. So, we have a very simple rule:

|tβ̂j
| > c (14)

As long as your degrees of freedom (n-k-1) are larger than 120, c = 1.96.

So, let’s give it a try. Once again, recall,

y = 100 + 0.25x1 + 2.40x2 + u (15)

n = 1, 000, R2 = 0.50

σ̂1 = 0.20; σ̂2 = 0.50

CIβ1

right = 0.25 + 1.96(0.20) = 0.642

CIβ1

left = 0.25− 1.96(0.20) = −0.142

CIβ2

right = 2.40 + 1.96(0.50) = 3.38

CIβ2

left = 2.40− 1.96(0.50) = 1.42

So, our t-statistic for β1 for a two-sided test at the 95% confidence level is:

tβ̂j
= (β̂j)/se(β̂j)

tβ̂1
= (0.25)/0.20 = 1.25

And since,
|1.25| 6> 1.96

We fail to reject the null hypothesis and infer that the coefficient on x1 is statistically insignificant at the 5% significance
level (95% confience level).

So, our t-statistic for β2 for a two-sided test at the 95% confidence level is:

tβ̂2
= (2.40)/0.50 = 4.80

And since,
|4.80| > 1.96

We are able to reject the null hypothesis and infer that the coefficient on x2 is statistically significant at the 5% significance
level (95% confidence level).
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